Abstract. In 2014, Paul Yiu constructed two equilateral triangles inscribed in a Kiepert hyperbola associated with a reference triangle. It was asserted that each of the equilateral triangles is triply perspective to the reference triangle, and in each case, the corresponding three perspectors are collinear. In this note, we give a proof of his assertions. Furthermore as an analogue of Lemoine's problem, we formulated and answered the question about how to recover the reference triangle given a Kiepert hyperbola, one of the two Fermat points and one vertex of the reference triangle.
Introduction
Given a scalene triangle ABC, one has the first Fermat point F 1 and the second Fermat point F 2 . The Kiepert hyperbola K we need here is the unique conic passing through the five points A, B, C, F 1 and F 2 . Since it is well known that K must also pass through the centroid M of ABC, it is convenient to construct K from the five points A, B, C, F 1 and M . We will call ABC the reference triangle of K. Yiu's problem is stated as follows. Theorem 1. Let K be a Kiepert hyperbola with reference triangle ABC. Let C (resp. C ) be the circle centered at F 2 (resp. F 1 ) with radius F 2 F 1 . The circle C (resp. C ) intersects K at three points P, Q, R (resp. P , Q , R ) other than F 1 (resp. F 2 ). Then with suitable order (clockwise or counterclockwise), one has (a) Triangle P QR (resp. P Q R ) is equilateral (See Figure 1) ; (b) Triangle P QR (resp. P R Q ) is triply perspective to triangle ABC, in the sense that P A, QB, RC meet at a common point P 1 ; P B, QC, RA meet at a common point P 2 ; P C, QA, RB meet at a common point P 3 ; and moreover (c) The three perspectors P 1 , P 2 , P 3 in (b) are collinear (in a line which also passes through the other three perspectors constructed from the triangle P R Q ). The author first learned Paul Yiu's problem in July 2018 from the Mathoverflow website ([13] ; See also [2] ), where Dao Thanh Oai posted and promoted Yiu's problem. According to Dao, this result is comparable to the case of Morley triangles or Napoleon triangles, and Dao placed a great importance to this construction as Kiepert hyperbola is a very special conic which passes through many triangle centers. The author has applied two methods to solve Yiu's problem. The first method (of which the details will not be included in this note) involves direct computation by introducing the slope variable m = (y − y 2 )/(x − x 2 ), where (x 2 , y 2 ) is the second Fermat point. By elimination, m will need to satisfy a cubic equation p(m) = 0. Then by manipulations with symmetric functions on the roots of p(m), one can prove all the statements of the problem. The second method is much simpler and gives a construction of the reference triangle, assuming that the Kiepert hyperbola, one of the two Fermat points, and one of the vertices of the reference triangle are given. Before we go into the proofs or constructions in Section 3, we briefly recall some basic facts and definitions in the next section. In Section 4, we state and prove a result which is supposed to be known more than a hundred years ago.
Preliminaries
We collect some definitions and known facts here.
2.1.
The first Fermat point F 1 (or the first isogonic center) of a triangle is constructed by erecting an equilateral triangle from the outside of each side of the triangle: the lines joining the outer vertex to the opposite vertex of the triangle concur at F 1 .
2.2.
Similarly, the second Fermat point F 2 (or the second isogonic center) of a triangle is constructed by erecting an equilateral triangle from the inside of each side of the triangle.
2.3.
The Nine Point Circle (or the Feuerbach circle) for a triangle is the circle that passes through the following nine points: the midpoint of each side of the triangle, the foot of each altitude, and the midpoint of the line segment from each vertex of the triangle to the orthocenter.
2.4.
The Kiepert hyperbola defined in the beginning introduction is a rectangular hyperbola (meaning that the asymptotes are perpendicular to each other). It is known that for a triangle inscribed in a rectangular hyperbola, the orthocenter of the triangle lies on the rectangular hyperbola.
2.5.
A version of the Feuerbach Conic Theorem we will use is the following: Let ABC be a triangle inscribed in a rectangular hyperbola. Then the Feuerbach circle of ABC passes through the center of the rectangular hyperbola. Furthermore the center of the Kiepert hyperbola associated with ABC is midway between the two Fermat points (isogonic centers) ( [1] , [3] ).
Historically, Kiepert hyperbola was introduced by Ludwig Kipert to solve Lemoine's problem (Question 864 in Nouvelles Annales de Mathématiques, Series 2, Volume 7 (1868), p. 191). The question published by Lemoine asks about the following construction problem: Given one vertex of each of the equilateral triangles placed on the sides of a triangle, construct the original triangle (Wikipedia [12] ). Kiepert solved the problem and since then, Kiepert hyperbola has been widely studied. As an analogue of Lemoine's problem and in the setting of Yiu's problem, we may pose the following question: Given a Kiepert hyperbola, one of the two Fermat points and one vertex of the reference triangle, construct the other two vertices of the reference triangle. The question is answered directly by the main results of our note.
2.6. Any two conics are related by a projective collineation: Any three distinct points on the first conic can be made to correspond to any three distinct points of the second (Ex.4 on page 79 of [9] , or Theorem 6.4.1 of [10] ).
Lemma 2.7. Let ABC and A B C be two triangles inscribed in a conic K such that ABC is perspective with A B C with perspector P , and ABC is perspective with B C A with perspector Q. Then there exists R ∈ P Q such that ABC is perspective with C A B with perspector R.
Proof. The existence of R such that ABC is perspective with C A B is guaranteed since it is well known that doubly perspective implies triply perspective. It suffices to show that the three perspectors P, Q, R are collinear. Applying Pascal's theorem to the ordered lists {C , B , A } and {A, B, C} shows that Q, R and P are collinear.
Definition. Let ABC be a triangle inscribed in a conic K. Let the line tangent to K at A meet BC at P , the line tangent to K at B meet CA at Q, and the line tangent to K at C meet AB at R. Then by a limiting case of Pascal's theorem, it can be shown that P, Q, R are collinear. We call this line the Hessian line of ABC with respect to K (cf. p.130 of [11] ). Lemma 2.8. Let ABC and A B C be two triply perspective triangles inscribed in a conic. Then the line passing through the three perspectors (see Lemma 2.7) coincide with the Hessian line of ABC with respect to the conic.
Proof. Let the tangent line at A (resp. B) meet BC (resp. CA) at P 1 (resp. P 2 ). Let ABC be perspective with A B C (resp. C A B ) of perspector Q 1 (resp. Q 3 ). Applying Pascal theorem to the ordered lists {A, B, C } and {C, A, A } (resp. {B, C, A } and {A, B, B }) shows that P 1 (resp. P 2 ) lies on Q 1 Q 3 . Hence lines P 1 P 2 and Q 1 Q 3 coincide.
Proof of Theorem 1
Proof of (a) in Theorem 1. By construction, P, Q, R, F 1 lie on a circle of center F 2 and radius F 2 F 1 . Since K is a rectangular conic containing the points P, Q, R, F 2 , we can apply Feuerbach's theorem (2.5) to the triangles F 2 P Q, F 2 QR, F 2 RP and P QR which are inscribed in K. Let D, E, F be the midpoints of P Q, QR, RP, respectively, and let U, V, W be the midpoints of F 2 P, F 2 Q, F 2 R, respectively. Note that by construction,
where O is both the center of the Kiepert hyperbola and the midpoint of where the last statement follows from the first three. Now since F 2 is circumcenter of P QR, the points D, E, F are perpendicular feet from F 2 to the sides of the triangle P QR. Pythagorean Theorem shows now that P QR is equilateral.
In order to prove the other parts of Theorem 1, we reverse the process by looking into the following situation. Without loss of generality, the rest assertions of Theorem 1 follow from the following theorem.
Theorem 2. Let F 2 = (−1, 0), F 1 = (1, 0) and let S 1 (resp. S 2 ) be a circle centered at F 2 (resp. F 1 ) with radius F 2 F 1 = 2. Let P QR be an equilateral triangle inscribed in S 1 and let P Q R (an equilateral triangle inscribed in S 2 ) be the reflection of P QR with respect to the center (0, 0) of Figure 2 , where triangle P Q R is not drawn for simplicity). Then (a) The two triangles P QR and P Q R are triply perspective with perspectors consisting of (0, 0) and the intersection of the two circles S 1 and S 2 . Accordingly the perspectors lie on the radical axis L of S 1 and S 2 .
(b) There is a unique conic K passing through P, Q, R, P , Q , R , F 2 and F 1 .
(c) For any point V ∈ L, let P be the other point of intersection of the line P V and K. Define Q and R in a similar way. Then P QR is triply perspective with P Q R , and the other two perspectors lie on L. Similarly, P Q R is triply perspective with P R Q (i.e. one needs to reverse the orientation).
(d) Let P Q R be the triangle constructed in (c). Then K is the Kiepert hyperbola through the two Fermat points F 1 and F 2 with respect to the reference triangle P Q R .
(e) For two distinct triangles P 1 Q 1 R 1 and P 2 Q 2 R 2 constructed as in (c),
These are all triply perspective with P R Q .
Proof. (a)
It is easy to see that S 1 and S 2 intersect at {(0, 2), (0, −2)} and L is the line with equation x = 0. The result in (a) is easy to see either by synthetic method or by coordinates.
(b) Denoting P (using rational parametrization of a circle) by
and turning counterclockwise 120 • successively, we have
Then the unique conic K through P, Q, R, F 1 , F 2 has the equation
and it is evident that K also passes through P , Q , R , which are the reflections of P, Q, R with respect to the origin.
(c) Letting V = (0, y 0 ) be a point on L, we solve the alternative points on the conic and get that
Now it is straightforward (by a computer algebra system) to check that P P , QQ , RR are concurrent at (0, y 0 ) (by construction),
and P R , QP , RQ are concurrent at (0, (
Parts (d) and (e) are easily checked by a computer algebra system.
With Theorem 2, the proof of Theorem 1 is completed.
In the spirit of Lemoine's problem, we may ask about how to recover the reference triangle used to construct the Kiepert hyperbola. We have the following result.
Corollary. Given a Kiepert hyperbola K, one of the two Fermat points and a vertex of the reference triangle on K, we can recover the other two vertices on the reference triangle.
Proof. Note that the center O of K can be constructed by using 2.5. Reflecting one Fermat point with respect to O gives another Fermat point. With K and the two Fermat points, we follow the construction as in the statement of Theorem 2 and the proof for (a) of Theorem 1 to get an equilateral triangle P QR. Using the notations and the construction as in the Theorem 2, join 
A Generalization
The following theorem gives a generalization of some results in Theorem 2 without computation by drawing facts from projective geometry. Similar or more general results (with different proofs) were known (cf. [4] , [5] , [6] , [7] , [8] ).
Theorem 3. Let ABC and A B C be two triangles inscribed in a conic K such that ABC is perspective with A B C with perspector P , and ABC is perspective with B C A with perspector Q. Then (a) There exists R ∈ P Q such that ABC is perspective with C A B with perspector R, and P, Q, R are collinear.
(b) If A B C is another triangle inscribed in K and ABC is perspec-tive with A B C with perspector S for some S ∈ P Q, then there exist T, U ∈ P Q such that ABC is perspective with B C A (resp. C A B ) with perspector T (resp. U ).
Proof. Part (a) is already proven in Lemma 2.7. To prove (b), we apply a projective collineation to ABC on K and send it to the vertices of an equilateral triangle on a circle. For simplicity we keep using the same letters (so assume K is a circle now). Clearly the Hessian line of ABC with respect to the circle is the line at infinity. By Lemma 2.8, P, Q, R lie on the line at infinity. Since ABC and A B C are triply perspective with perspectors on the line at infinity, it is clear that A B C is an equilateral triangle. Note that after the collineation, A B C is a triangle on the circle which is perspective with ABC with a perspector S on the line at infinity, i.e. in the affine plane AA , BB , CC are parallel. Necessarily, A B C is an equilateral triangle (in reverse orientation as ABC). But now it is easy to see that ABC and A B C are triply perspective, again with perspectors lying on the line at infinity. Mapping back by the inverse projective collineation, we have proven the required result.
